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There is evidence for existence of massless Dirac quasi-particles in graphene, which satisfy
Dirac equation in (1+2) dimensions near the so called Dirac points which lie at the corners at
the graphene’s brilluoin zone. We revisit the derivation of Dirac equation in (1+2) dimensions
obeyed by quasiparticles in graphene near the Dirac points. It is shown that parity operator
in (1+2) dimensions play an interesting role and can be used for defining ”conserved” currents
resulting from the underlying Lagrangian for Dirac quasi-particles in graphene which is shown
to have UA(1) × UB(1) symmetry. Further the quantum field theory (QFT) of Coulomb
interaction of 2D graphene is developed and applied to vacuum polarization and electron
self energy and the renormalization of the effective coupling g of this interaction and Fermi
velocity vf which has important implications in the renormalization group analysis of g and
vf .
Recent progress in the experimental realization of a single layer problem of graphene has led
to extensive exploration of electronic properties in this system. Experimental and theoretical
studies have shown that the nature of quasiparticles in these two-dimensional system are very
different from those of the conventional two-dimensional electron gas (2DEG) system realized in
the semiconductor heterostructures. Graphene has a honeycomb lattice of carbon atoms. The
quasiparticles in graphene have a band structure in which electron and hole bands touch at two
points in the Brillouin zone. At these Dirac points the quasiparticles obey the massless Dirac
equation. In other words, they behave as massless Dirac fermions leading to a linear dispersion
relation ǫk = vk (with the characteristic velocity v ≃ 106m/s). This difference in the nature
of the quasiparticles in graphene from conventional 2DEG has given rise to a host of new and
unusual phenomena such as anomalous quantum Hall effects and a π Berry phase [1, 2]. These
transport experiments have shown results in agreement with the presence of Dirac fermions. The
2D Dirac-like spectrum was confirmed recently by cyclotron resonance measurements and also
by angle resolved photoelectron spectroscopy (ARPEC) measurements in monolayer graphene [3].
Recent theoretical work on graphene multilayer has also shown the existence of Dirac electrons
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2with a linear energy spectrum in monolayer graphene [4].
In this work, we revisit the derivation of Dirac equation obeyed by quasiparticles in graphene
near the Dirac points. Since monolayer graphene is a physical system (1+2) space-time dimensions
this has important consequences: Dirac matrices in odd number of space-time dimensions can have
two inequivalent representations and their role in obtaining the Dirac equation for quasiparticles
is emphasized here. Moreover, it is also shown that the Lagrangian for the system has chiral
UA (1) ⊗ UB (1) symmetry. Furthermore, we have carried out a QFT calculation of Coulomb
interaction effects in graphene. The obtained results are compared with those obtained in [5].The
existence of quasi-particles in graphene, which satisfy massless Dirac equation in (1+2) dimensions
near the so called Dirac points, which lie at the corners of graphene’s Brilluoin zone. This is
indicated by energy dispersion around the Dirac point given by [6]
E± ≃ ±vf |q|+O(|q|2) (1)
which reminds one of relativistic energy-momentum relation for massless or ultra relativistic parti-
cles although Fermi velocity is three hundred times smaller than the speed of light. The derivation
of such an equation given in literature [6, 7] is in the form
iσ.∇ψ = Eψ (2)
where σ = (σ1, σ2) and ∇ = ( ∂
∂x1
, ∂
∂x2
), which has two dimensional form of the usual Dirac
equation for two component left-handed or right-hand massless fermions and not exactly in the
form of Dirac equation in (1+2) dimensions[see below]. The purpose of this paper is to clarify such
points and to discuss the subtleties of odd [in this case three] space-time dimensions and develop
a quantum field theory of Coulomb interaction of 2D graphene.
In graphene for the hexagonal layer the unit cell contains two atoms A and B, belonging to two
sublattices. The lattice vectors are [6]
a1 =
a
2
(3,
√
3), a2 =
a
2
(3,−
√
3) (3)
where a ≃ 1.42A0 is the carbon-carbon distance.
The Dirac points K and K
′
have their position vectors in momentum space:
K =
2π
3a
(1,
√
3), K′ =
2π
3a
(1,−
√
3) (4)
3In the tight binding approach, the Hamiltonian is given by [6]
H = −t
∑
<i,j>
(a†i bj + h.c.) (5)
where ai(a
†
i ) are annihilation(creation) operators for an electron in sub-lattice A with an equivalent
definition for sub-lattice B. t(≃ 2.8eV)is the nearest hopping energy (hopping between different
sub-lattices).
Introduce now Fourier transform of field operator:
ai =
∑
k
akie
i~k.~ui
bj =
∑
k
bkje
i~k.~uj (6)
where .~ui(or ~uj) may be taken any of two independent lattice points [2]. a1 and a2 which may
taken as in Eq. (3). Then Eq. (5) gives
H =
∑
k
(
a†ki b
†
kj
)
HD

 aki
bkj


where
HD =

 0 HAB
H∗AB 0


with
HAB = −t[eik.a1 + ieik.a2 ] (7)
Let us expand around the Dirac point K
′
.
k = K
′
+ q
keep terms linear in |q| ,
HAB = 3at
2
[iqx + qy] (8)
This gives
HD =

 0 iqx + qy
−iqx + qy 0


= vf [−q1σ2 + q2σ1] (9)
4where vf =
3at
2 is the Fermi velocity, σ
1 and σ2 are Pauli matrices, qi = (q1, q2), in relativistic
notation: qµ = (q0, q1, q2). This does not give σ.q as implied in Eq. (2). The Eq. (9) can be put
in the form
HD = vf [iσ3σ1q1 + iσ3σ2q2]
= γ0(γ.qvf ) (10)
where γ0 = σ3, γ1 = iσ1, γ2 = iσ2 are Dirac matrices in (1+2) dimensions. The above is the Dirac
Hamiltonian for massless fermion in (1+2) dimensions near the Dirac point K
′
. The corresponding
Dirac equation is
Hψ = Eψ±, E = ±vf |q| (11)
or
i
∂ψ
∂t
= γ0(γ(−i∇vf )ψ (12)
Writing ∂0 =
1
vf
∂
∂t , we can write the Eq (11) in covariant form
i(γ0∂0 + γ
1∂1 + γ
2∂2)ψ = 0
or
i(γµ∂µ)ψ = 0 (13)
which is the Dirac equation in (1+2) dimensions for a massless fermion [8].
It is important to remark that if we expand around the Dirac point K, we obtain
HD = vf [−q1σ2 − q2σ1]
= vf [iσ
3σ1q1σ1 − iσ3σ2q2] (14)
Now it is known [8] that in 3 space-time dimensions there exists two inequivalent representations
for γ-matrices [this is true for any odd number of space-time dimensions]:
γ0 = σ3, γ1 = iσ1, γ2 = iσ2
γ0 = σ3, γ1 = iσ1, γ2 = −iσ2 (15)
We have used the first of these representations for the expansion around the Dirac point K
′
.
We take the second representation for the expansion around the Dirac point K, whcih is obtained
5from K
′
by the parity operation, defined by the matrix [8]
Λ =


1 0 0
0 1 0
0 0 −1

 (16)
so that detΛ = −1. Thus we see that under the parity operation
q1 ←→ q1, q2 ←→ −q2 and HK ←→HK ′
Taking the two representations mentioned above into account we can write the parity conserving
Lagrangian [8] as (it is instructive to put mass term which can be put equal to zero when necessary)
L = ψ+(i∂ −mv2f )ψ+ + ψ−(i∂˜ −mv2f )ψ−
where
∂ = γ0∂0 + γ
1∂1 + γ
2∂2
∂˜ = γ0∂0 + γ
1∂1 − γ2∂2 (17)
Parity operation takes the solutions in one representation to the other:
ψp+(x
p) = −ηpψ−(x)
ψp−(x
p) = −ηpψ+(x) (18)
where xp = (x0, x1,−x2). It is convenient to transform to new fields [8]
ψA = ψ+
ψB = iγ
2ψ− (19)
The Lagrangian (17) can then be written as [8]
L = ψA(iγµ∂µ −mv2f )ψA + ψB(iγµ∂µ +mv2f )ψB (20)
where under partiy operation now
ψpA(x
p) = −iηpγ2ψB(x)
= ηpσ
2ψB(x)
ψpB(x
p) = −iηpγ2ψA(x)
= ηpσ
2ψA(x) (21)
6It may be noted that the Lagrangian (20) is invariant under two independent transformations
ψA → eiαAψA, ψB → eiαBψB (22)
where αA and αB are real, and has thus UA(1) ⊗ UB(1) symmetry. The corresponding conserved
currents are
JµA = ψAγ
µψA
JµB = ψBγ
µψB (23)
When can form even (odd) combinations corresponding to ”vector” (”axial vector”) under parity
J± = (ψAγ
µψA ± ψBγµψB) (24)
We can develop quantum field theory for Coulomb interaction of 2D graphene in analogy with
QED (for another approach see [7, 9]). The “free” Hamiltonian as implied by Eq. (12) is
Ho = vf
∫
d2rψ†(r)γoγ.(−i∇)ψ(r)
= vf
∫
d2rψ(r)γ.(−i∇)ψ(r) (25)
The instantaneous Coulomb interaction in 2D graphene is
HI = e
2
2
∫
d2x1d
2x2
n(t,x1)n(t,x2)
4π |x1 − x2| (26)
where n(t,x1) = ψ
†(t,x1)ψ(t,x1) = ψ(t,x1)γ
oψ(t,x1). This gives the scattering matrix element
between four fermions
Scoulombfi = −ie2
1
2
∫
dt
∫
d2x1
∫
d2x2
< f |n(t,x1)n(t,x2)|i >
4π |x1 − x2| (27)
The integral can be written as
∫
dDx1d
Dx2δ(t2− t1) where D = 3 in (1+2) dimensions. Expanding
ψ′s into creation and annihilation operators, one finally obtains [10]
iTfi =
1
4πvf
[u(p′2)(−ieγµ)u(p2)
iηµην
2[−q2 + (q.η)2] 12
u(p′1)(−ieγµ)u(p1)− crossed term] (28)
where 12|q| , |q| =
[−q2 + (q.η)2]1/2is Fourier transform of 14π|x1−x2| in two space dimensions, ηµ =
(1, 0, 0), so that ηµγ
µ = γo and longitudinal photon momentum may be taken as lµ ≡ 2(qµ−η.qηµ),
µ = 0, 1, 2; so that (−l2)1/2 = 2 |q| .
Thus we may write Feynman rules for 2D coulomb interaction in analogy with QED as follows:
7(i) Vertex factor: −ieγµ,
(ii) Internal lines
Photon (“longitudinal”) line:
iηµην
2[−q2+(q.η)2]
1
2
(iii) Spin12 massless fermion:
i
6p
6 p = γµpµ µ = 0, 1, 2, this follows from the Lagrangian given in Eq. (20).
As an application of these rules, we calculate vacuum polarization II
(
q2
)
= −ηµην IIµν(q), which
arises from photon self energy due to fermion loop. It is given by
− iIIµν(q) = 2(−1) 1
vf
∫
dDl
(2π)D
Tr[(−ieγµ) i6 l + iǫ (−ieγ
ν)
i
6 l + 2(6 q − q.η) 6 η + iǫ ], (29)
where the factor of 2 arises due to the two terms in Lagrangian (??). The integration will be done
by using Feynman parametrization and dimensional regularization. Taking the trace in Eq. (29),
using the Feynman parametrization and making the shift l → l − 2qx+ 2(q − η)ηx, we obtain
− iIIµν(q) = −2iD + 1
2
e2
vf
∫ 1
0
dx
∫
dDx
(2π)D
[(
2lµlν − gµν l2)+ gµνL+ x (x− 1)Aµν] 1
(l2 − L)2
(30)
where (D+12 ) arises from the trace for odd space time dimensions, L = 4[(q.η)
2 − q2] and
Aµν = −8gµν((q.η)2 − q2)− 8qµqν + 8q.η(qµην + ηνqµ − (q.η)ηµην). (31)
The contribution from singular terms
(
2lµlν − gµν l2) combines to give −gµν(1−D/2)Γ(1−D/2)L =
−gµνΓ(2−D/2)L, i.e. finite answer, which however cancels with the contribution from the second
term in parenthesis in Eq. (30). The net result is
IIµν(q2) =
2e2
vf
1
(2π)
D
2
(
D + 1
2
)Γ(2 − D
2
)
∫ 1
0
dx
√
x(1− x)Aµν
2∆
(32)
where ∆ = [(q.η)2 − q2] 12 = |q|.
Using D = 3, we finally get
II(q2) = −ηµηνIIµν = e
2
4vf
(∆)
=
e2
4πvf
|q|π
= gπ |q| , (33)
in agreement with the known result [6, 7], where g = e
2
4πvf
is the dimensionless [in units ~ = 1]
effective coupling constant.
We now discuss how the vacuum polarization renormalizes the interaction coupling constant.
For this purpose we consider the response of charged fermion to an externally applied field [Coulomb
8potential in two space dimensions in momentum space isAo = − e2|q| = ηµAν , where Aν = (− e2|q| ,
0)], namely
u(−ieγν)uiAν = u
(−iγ0)u (−e2/2 |q|) (34)
which is modified to
u
(−ieγ0)uA0
[
1
1− ηληρIIλρ/ (2∆)
]
Aν
= u
(−iγ0)u (−e2/2 |q|) 1/ [1 + II(q2)/2∆]
= u
(−iγ0)u [−g4πvf
2 |q|
1
1 + gπ2
]
(35)
where we have used Eq. (33). Thus the renormalized g, often written as gsc [11] is
gsc =
g
1 + gπ2
(36)
The implications of this result are discussed in [6, 7]. It is instructive to calculate fermion self
energy which is given by
− iΣ(p) = 1
vf
∫
d3l
(2π)3
(−ieγµ) i6 l (−ieγ
ν)
iηµην
2 |l− p| (37)
After making the Wick rotation l0 = il0E (E for Euclidean matric) and carrying out the l
0
E integra-
tion (which occurs only in fermion propagator), which gives π 1|l| , the rest of integration is in D = 2
dimension. Using Feynman parametrization
1
a1/2b1/2
=
1
π
∫ 1
0
x−1/2(1− x)−1/2 1
ax+ b(1− x) , (38)
and the dimensional regularization one obtains
− iΣ(p) = − ie
2
16πvf
∫ 1
0
x−1/2 (1− x)−1/2
∫
dDl
(2π)D
− 6 η 6 p 6 ηx
(l2 − L)
= − ie
2
4πvf
∫ 1
0
x1/2 (1− x)−1/2 1
(4π)D
Γ (1−D/2)
Γ (1)
(
1
L
)1−D/2
(39)
= − ie
2
32πvf
(− 6 ηγ · p 6 η) ln Λ
2
|p|2
where we have used
1
(4π)(D/2−1)
Γ(1−D/2)
Γ(1)
(
1
L
)1−D/2
=
[
2
ε
− (lnL+ γ − ln 4π)
]
with L = |p|2 x(1− x), 2ε signifies the ultraviolet log divergence: ln Λ2.
9Noting that
− 6 ηγ · p 6 η = γ · p = − 6 p+ γ0p0
Σ(p) =
g
4
[− 6 p+ γ0p0] ln Λ|p| (40)
where p0 = vf |p| is the energy. The usual interpretation of this result is that coefficient of second
term in parenthesis gives the radiative correction to energy
E = vf |p|Z−12 (41)
where
Z−12 = 1 +
g
4
ln
Λ
|p| (42)
The coefficient of 6 p gives the renormalization of the electric charge, e → Z2e,which however is
canceled by the corresponding contribution from the vertex part by the use of Ward Identity. The
vacuum polarization correction is finite and renormalize g to gsc as given in Eq. (36). The result
(41) is interpreted as renormalization of the Fermi velocity vf [7, 9, 11]. Thus [putting |p| = q ]
vf (q) = vf0Z
−1
2 = vf0 + vf0
g
4
ln
Λ
q
. (43)
We remove the cut-off and unrenormalized vf0 by subtraction at q = q0:
vf (q)− vf (q0) = g
4
vf0 ln
q0
q
=
g
4
vf (q0) ln
q0
q
+O
(
g2
)
(44)
Since
g =
e2
4πvf
this gives [11]
g(q) = g0
[
1 +
g0
4
ln
q0
q
]−1
=
[
g−10 +
1
4
ln
q0
q
]−1
(45)
where g0 = g(q0). One may take q0 as the inverse of the lattice constant [for our case q0 = 4nm
−1].
An application of this result has been discussed in [5].
In summary we have clarified the derivation of Dirac equation for quasi-particles in graphene in
(1+2) dimensions near the Dirac points K
′
and K. The role of two inequivalent representations of
Dirac matrices in (1+2) dimensions [a property of odd number of space-time dimensions] visa vis
parity operation is emphasized. It is shown that the underlying Lagrangian for quasi-particles in
10
graphene has chiral UL(1) ⊗ UR(1) symmetry. Further Feynman rules for QFT of Coulomb inter-
action of 2D graphite have been given and applied to the vacuum polarization and renormalization
of effective Coulomb interaction constant and electron self energy which has important implication
in the renormalization group analysis of g and vf [11].
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